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Abstract. The complex intrinsic viscosity for a single simple ring polymer in the presence
of both self-avoiding and hydrodynamic interactions is calculated using renormalisation
group techniques. Results are compared with those for a linear chain and amplitude ratios
to an order O(e) (e =4-d, d being the spatial dimensionality) are given in the zero-
frequency limit.

1. Introduction

The use of renormalisation group (RG) techniques has made it possible to explore
many universal properties of long flexible polymer chains. Whereas static properties
of both dilute and semidilute solutions have been studied in great detail [1-4], only
recently have quantitative calculations for time-dependent properties been performed.
Of central interest among the transport properties of dilute polymer solutions are the
diffusion constant [5], time-dependent correlation functions [6], relaxational spectra
[7] and most importantly the intrinsic viscosity [8, 9].

The minimal model (defined in § 2) which has been studied within the rRG framework
gives many universal predictions for transport properties, which can be compared with
experiment. These predictions, which have mainly been derived for flexible linear
chains, can also be investigated for flexible simple (single) ring polymers, another class
of experimentally interesting systems. In particular, comparison of transport properties
of linear and ring polymers will enable one to answer the question of how ring formation
will affect universal (critical) properties of flexible (Gaussian) polymer chains. We
have recently [10] investigated explicitly time-dependent correlations for a simple ring
polymer in the presence of hydrodynamic interactions and have extracted the transla-
tional diffusion constant and the relaxational spectrum. The main purpose of this
article will be the calculation of the intrinsic (complex) viscosity for a simple ring
polymer in the presence of both self-avoiding and hydrodynamic interactions.

The first calculation of the intrinsic viscosity has been performed within the
Kirkwood-Riseman formalism [11]. This formalism has the shortcoming that it does
not allow the calculation of explicitly time-dependent quantities, and that it is not
fully justified from the standard non-equilibrium statistical mechanics point of view.
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In order to proceed beyond this approximation, we have as a first step in [8] investigated
the complex intrinsic viscosity starting directly from the Green-Kubo formalism for
a Gaussian chain in the presence of hydrodynamic interactions only. In the zero-
frequency limit (w =0) we found the Green-Kubo formalism and the Kirkwood-
Riseman formalism to give identical results in lowest order (i.e. to O(e), where e =4 — 4,
d being the spatial dimensionality). More recently in [9] we have presented the results
for the complex intrinsic viscosity in the presence of self-avoiding interactions to O(e)
and, extracting the @ =0 limit numerically, we concluded that to O(¢) the Green-Kubo
and Kirkwood-Riseman formalism give different results. In principle, this is not
unexpected, because the self-avoiding interaction modifies not only the equilibrium
state, but also the dynamics of the chain-solvent system. Whereas the equilibrium
state and solvent velocity field motion can also be treated within the Kirkwood-Riseman
scheme, the modification of the chain motion due to the direct monomer-monomer
interaction cannot be taken into account.

However, as pointed out in [9], the @ =0 limit remained to be studied analytically.
This is another purpose of the present paper. We will discuss, in parallel for rings
and linear chains, all contributions to the momentum-flux autocorrelation function
(see § 3) in lowest order in the self-avoiding and hydrodynamic interactions. From
this, we can analytically extract both the finite- and the zero-frequency cases. Due to
a peculiar cancellation of terms, we can show that the zero-frequency limit agrees (to
lowest order) with the Kirkwood-Riseman formalism even in the presence of self-
avoiding interactions (this corrects an error in [9]).

Our paper is organised as follows. In § 2 we discuss the minimal model describing
the coupled chain-solvent dynamics and an effective Lagrangian which allows for
rings and linear chains to calculate general time-dependent correlation functions in
the presence of self-avoiding and hydrodynamic interactions. In § 3(4) all contributions
to the intrinsic viscosity in the presence of self-avoiding (hydrodynamic) interactions
are determined and final results are presented for finite frequency and zero frequency.
In § 5 we consider the combined effect of both self-avoiding and hydrodynamic
interactions. Section 6 contains our conclusions, and in particular we will compare
some of our findings with experimental results.

2. Model and formalism for intrinsic viscosity

The starting point of our investigation is the following set of Langevin equations
describing coupled chain-solvent dynamics [12]:

dc 1 6H

o —-{—; Sc('r,Et)+gOu(c(T’ D, H+0(rnt) (2.1a)

Nl)
z—l:= nodu(x, t)—gq L dTaf(I;_I’EI) S{x—e(r,))=Vp+fix,t) (2.15)
together with the incompressibility condition V - u=0. In(2.1a) and (2.14), {e(r, 1)} e,
describes the conformation of a polymer with bare chain length N, parametrised by
a contour variable 7 at time . {,= A, is the bare translational friction constant per
chain unit, g, the strength of the hydrodynamic interaction (the coupling to the solvent
velocity field), u(x, 1) describes the solvent velocity field, n, is the bare solvent viscosity,
A is the Laplacian and p denotes the pressure. Hj is the Edwards Hamiltonian [13]
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1 N, ac) 2 1 N, N,
Hg=5 dr|— ) +530, dr, d7r.8(c(7) —c(7y)) (2.2)
0 0 o

ar
with v, being the bare excluded volume parameter and @, f Gaussian random processes
with zero mean and covariance given by

(O(7, 1)O(0, sy =2¢5"8(r—)6(t—s)]I (2.3)
flx, )f(x', 5))=—-2nA8(x—x")6(t—3s)] (2.4)

where I is the d x d unit matrix. One can show {3] that to O(¢), i.e. lowest order in
the couplings, and by using the Markov approximation (see below) for the solvent
velocity field, the coupled equations (2.1a) and (2.1b) are equivalent to the Kirkwood
diffusion model.

Calculations of dynamic correlation functions starting from (2.1a) and (2.1b) are
straightforward, but for higher-order calculations it is desirable to have a field-theoretic
method which allows a graphical representation of the perturbation terms, and also
avoids the explicit averaging over the noise fields ® and f in (2.1a) and (2.1b). Such
a field-theoretic description has been developed in [14] for the critical dynamics of
stochastic models, including mode-coupling terms described by Langevin equations,
and we essentially follow their approach. Eliminating the pressure p (which basically
enforces the condition V - u =0) from (2.1b), we obtain

0 .
Py (V)AL +f.(x, 1) (2.5)
with
Ny (SH
AL=[u(x, t)—go(noA)_IJ dr — 8(x—c(r, t))} (2.6)
0 SC(T’ t) L
where | denotes the transverse part, and
0
Ec(‘r, t)=—AgB+0O(7, 1) 2.7)

with A= ¢;' and

B= SH.
Sc(r, 1)

—goAo'u (e(r, 1), 1). (2.8)

We have a Gaussian white noise distribution w for the random fields f(x, t) and ©(r, 1):

!

w{fh (@} =< r=1t)~ ew(—% '[ di J d%f.(x, Olng (V) 1 fulx, t))

o

’1 ‘N’(l
xexp(—}, J dr J dr O(r, 1)A;,'O(r, t)) (2.9)
to 0
where (f, t;) is some time interval. In order to calculate correlation functions from
(2.1a) and (2.1b) we can, instead of solving for ¢(7, ) and u(x, ¢) (in terms of O(r, t)
and f, (x, 1)) and then averaging over @, f_, alternatively introduce a path probability
density W{a, ¢} for the stochastic variables u, ¢ via

w({®), {fHl=<r=<1)d{@} d{f} = W({e(D)}, {w()} to=< r=1,) d{c} d{u}. (2.10)
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Substituting @ and f from (2.5) and (2.7) we obtain
W({c}h, {ut| o< t<1)~exp J({c}, {u}to=t1=1) (2.11)

with

J=-; J d“x J’ diou+ mo(iV)?A, 105 ' [(V)?) [0+ mo(iV)°A.]

Ny 4
—iJ‘ dTJ dt(d,e+AoBIA; (3,c+ AoB). (2.12)
0 to

In (2.12) we have dropped two additional terms which arise from the functional
Jacobian for the change of variables @ > ¢ and f, » u,. These terms, which have to
be added to (2.12), are proportional to the step function 6(t) for t =0. As is discussed
in [15], the value which () takes at t =0 depends on how the functional integral is
discretised. If we choose 6(0)#0, then additional terms would subtract various
contributions in every order to ensure causality, which is a necessary condition in the
presence of response fields. We will assume 6(0) =0 in the following.

From (2.11), which can be considered in the formal limit W({¢}, {u}|—c0 <t <o),
one can write down expressions for correlation functions in terms of path integrals.
However, it is convenient to perform a Gaussian transformation in order to linearise
the exponent in (2.12). This can be achieved by introducing two (imaginary) response
fields, a(x, t) and ¢é(r, t). Then we obtain

W({u}, {c}) = _[ d{ict d{ia} w({é}, {a}, {c}, {u}) (2.13)
with

W({e}, {a}, {c}, {u}) = exp(J{¢, & c, u}) (2.14)

where J = J;+J, can be considered as a Lagrangian and can be decomposed into a
free and an interaction part. We have J,=J\" + J5 with

N0

J =J dr J di[é(r, DAé(T, 1) — &(7, 1)a,e(, )+ é(r, DAedZe(T, 1)] (2.15)
0

describing the conformation field and

JBZ)=J dx _[ drla(x, 1)no(iV) i (x, 1) —i(x, o, (x, 1) =i (x, )no(iV) . (x, 1)]

(2.16)

describing the solvent velocity field. The interaction terms containing the self-avoiding
interactions can be written

N, N, N,
0 0 0 . o
J‘I"=%UOAOJ dnf deJ er‘dsJdtc(r,t)———6(c(ﬁ,s)—c(‘rz,s))
0 0

Q 50(7’ t)
(2.17)
and the hydrodynamic interaction terms cann be written
2 Mo No . 5H:
Ji=—g dr | dte(r, thu (c(r,1),1)— g dr | dra (e(7, 1), 1) .
0 0 de(7, 1)

(2.18)
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We can now determine the free response propagator (é(7, t)e(o, t'))§ for the conforma-
tion field of a simple polymer ring (R). Introducing normal coordinates into (2.15),
which, in order to account for the periodic boundary conditions of a ring, are chosen
in the form

(r,1)= Z QW&+ Z Q&S (2.19a)
=Y QWE + Z QREX (2.19b)
k=0
with
Qm_<i>”2COs<27rkr) k=12 (2.20a)
Tk NO NO =1,4,... .
2\ 27k
‘Ti’=<ﬁ) sin( :]T> k=1,2,... (2.20b)
0 0
1 1/2
(1) {2y
&« ==\ k=0 2.20
K k (No) ( c)
we obtain

TR = JdtZ{/\o[§‘”(t)§”(t)+§k”(t)§ (0]-EM(ns £ - EX(06,£7 (1)

—AR[EN(EN (1) + EX (D) EX (D] (2.21)
where AR = Ao(27k/ Ny)>. From (2.21) we find [10]

(EUDEL)e=0(1"~1)8" 848,45 exp[—AR(1'=1)] (2.22)
and
(elr neto, D= T QUQUENDEN (I N+ T QR QRE &N

4] k.k'=0
=0(t'—=t)G{(r, ot ~1) (2.23)

where

GR(r, o t) = = (1+2 Z cos 2ky(r— o )exp(—A,‘fl)) (2.24)

is the Green function matrix and ko mk/ N,. From (2.23) we determine the static
Green function G§®(r, o) for a polymer ring in the centre of mass system, using

x

GakR(T,O')Z/\OJ dt GI¥(r, o) (2.25)
4]

where we have excluded the k=0 mode in G{(r, o|1r) by putting £/, =£7,=0.
Performing the sum over k we find the static correlation function in the centre of mass
system

d AP
N (r—17 {2.26)
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where (¢*(7)c*(#' )R = G*R(r, o). The correlation function {¢(7) - ¢{7'})& in the relative
system (including the centre of mass motion) can be determined from (2.26) using
(Le*(1)—c*(m) 10 =Le(7) = e(7) D0
d
{e(7) - e(T)& =d min(r, ') —— r7'. (2.27)
Ny

In order to determine the free response propagator for the conformation field of a
linear chain (L), we introduce into (2.15) normal coordinates defined by

ax

e(r, 1)= k‘éo Q&i(t) (2.28q)
0= 3 Quil0) (2.286)
with
2 wkr
Tk_(E) cos( ) k=1,2,... (2.29a)
1
Qu = (E) k=0. (2.29b)
We then obtain
J dt Z [/\ng fk(f) ék(t)argk(I)+)‘[l:£k(t)§k(t)] (2.30)
where A} = Aq(mk/ Ny)?. It follows that
(€ia (&g (t))o= (1" = 18y Bap exp[~AL(t'~1)] (2.31)
and therefore
(e(r, t)e(o, 1)) = kio QuQoilE(DE(1))o=8(1' = 1)GE(7, 0|1~ 1) (2.32)
with
Gg(f,aiz)=i(1+2 f cos Kyt cos koo exp(—,\tr)>. (2.33)
No K

For the linear chain we find in the same way as above for the ring the static correlation
function in the centre of mass system:

(e*(r) + *(rDE = 2N+ 2 (2 4+ 77) = d max(, ) (2.34)
2N,
and
(e(r) - ()5 =d min(r, 7). (2.35)

We will need in the following sections various free time-dependent two-point correlation
functions of the form (e(7, t) - ¢(o, 5)),. For the ring (R) we have (t>s)

(e{r, 1) - elo, s)e/d

2o Mo 1o .
No 2 & (mp) cos 2pg(t—a) exp[—A,(t—s)]

—cos 2p,T exp(~A, 1) —cos 2po exp(~ARs)} (2.36)
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and for the linear chain (L)
(e(r, 1) - ela, s))5/d
_ 2Ag$ 3

=N +2N, p; ) {1+ cos py7 cos oo exp[—A5(t—5)]
—cos Po7 exp(—A ;1) —cos Poo exp(—A;s)}. (2.37)
In particular we have for the ring (R)
([e(a, )= (B, )10 = d[|a = Bl = (1/ No)(a = B)’] (2.38)
and for the linear chain (L)
(le(a,s)=e(B, $)])o=d|a -8l (2.39)

Introducing Fourier transforms for the solvent velocity and the solvent velocity response
field

u(x, 1)= J exp(ik- x)u(k,t) (2.40a)
k

u(x, r)=J exp(ik- x)u(k, 1) (2.40b)
k
where [, =[d%%/(27)? we obtain for J§”’
132)=J J de[a(—k, 1) nok ii(k, 1) — d(—k, t)au, (k 1) = nok’d(—k tyu (k 1)]  (2.41)
k

from which we determine the free solvent velocity field response function

Gk, tyu, (k', t)e=00t'—t)8(k+ k)P exp[—nok*(t'—1)] (2.42)
and the free solvent velocity field autocorrelation function
(u (k, yu (k') t'))o=8(k+k')P exp(—nok’|t'—t]) (2.43)

with P = (I —kk/k?). In the presence of hydrodynamic interactions we will use to
lowest order, i.e. to O(g3), the Markov (static) approximation for the solvent velocity
field, which means we replace

exp(—nok’[t' = 1]) - 2 s8(t'—1). (2.44)
nok”
This replacement amounts to assuming that the relaxation of the solvent velocity field
is much faster than that of the chain conformation. This approximation is equivalent
to using the Oseen tensor. Using the effective Lagrangian given above, we can now
calculate general correlation functions for linear chains and simple ring polymers in
the presence of both self-avoiding and hydrodynamic interactions.
In the following we will calculate the correlation function

C(t)=J,(1)J,(0)) (2.45)

where J (1) is the xy component of the momentum flux tensor for the polymer chain
and ( ) is the average over the initial equilibrium ensemble and over the Gaussian
noise. From (2.45) we obtain the intrinsic viscosity according to the Green-Kubo
formula [16] as

— Na -1 *
[n]—MkT Mo L dr{J (1)J,(0)) (2.46)
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where N, is Avogadro’s constant and M is the molecular weight of the chain. We
should note that the expression (2.45) is reliable only to the lowest non-trivial order
(O(e)) of the renormalised perturbation theory. In general (as has been pointed out
already in [8]) we have to consider the correlation function [17]

C (1) ={J(1)J(0)) (2.47)

where J(t) consists of the contribution from the solute polymer J, and the solvent J;.
Only if we can ignore the correlation between J, and J, can we use equation (2.45).
This is possible when the respective timescales are sufficiently different. To lowest
order we can assume this to be the case, as we assume the Markov approximation (see
above) to this order. To higher orders in g, however, we cannot make this assumption
a priori.

In the next section we will outline the calculation of the momentum flux autocorrela-
tion function (2.45) in the presence of self-avoiding interactions.

3. Self-avoiding interactiions

We will now outline the calculation of C(t) in the presence of self-avoiding interactions
(i.e. a Gaussian chain in the vacuum) for both ring (R) and linear (L) chains to O(v,).
Jo(t) in (2.46) can be written as

No 8H¢
Jp(t)—~jO dTC"'(T’t)écx(r, 0 (3.1)
C (1) is the sum of the following contributions:
4 4
C(t)=Co()+ Y Ciut)+ 2 Cpp(1) (3.2)
j=1 j=1
where
N, N, Pe P
Co(t) =J daJ dr—| = (e, (7, 1)ee(8, 1) e (0, 0) (Y, 0))ocry) - (3.3)
0 [ 86 =1 5'}’ y=o

Introducing a generating functional, we can decompose Cy(?) in a sum of four terms
4

Co(t) =2, Cy, (3.4)
j=1

where Cyo(t) is the free contribution and Cy,(t), ..., Cys(t) are O(v,) contributions.
For the ring (R) we have

CEin=2 i exp(=2A51) (3.5)
p=1

and for the linear chain (L)

x

Coolt) =Y exp(—2A5t). (3.6)

p=1
The other terms can be expressed in terms of products of free correlations. Introducing
a Fourier transform for the 8-function interaction we obtain for Cg,(7):

N, N, e PR N, N,
Coi(1)=~1v J dcrj dr— 5 J‘ d J- d J kK3
o ° 0 T85_ 5=r8Y Hy=0 Jo “ 0 A PR
x exp(—1k*(A%)o/ d X A (YA A0, (0Dl Are (8, (A, (1, 19 (3.7)
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where A=c¢(B,0)—c(a,0). Using the free correlation functions given in (2.36) and
(2.37) and integrating over o and 7 we obtain for the ring (R)

Ny Nq
C§1<r>=—;voN3J daj dBJ kiky exp{=1k*[|la = B|—(1/ No)(a — B)*]}
0] 0 k

o 1 .
X X opy LT e0s 2hule — Bl exp(=245)

&1
X 2 Capy [ 008 26 f ~ )] (3.8)

and for the linear chain (L)

NO N()
Ch(t)= —ZvONéJ da J dp f kik; exp(—1k*|a —Bl)
4]

0

X 1 " " 5
X Y ———(cos p, B —cos poa)’

P 1(77'17)2
X pzl (77_;,)2 (cos Py B —cos poa)’ exp(—2A51). (3.9)
The contribution Cy,(¢) is given by
N, Ne g e N, N, .
Cox(t) =10, J'o do Jo d‘raé2 a=r<9_72 - J.O da L dg L k.
x exp(—1k*(A%)o/ d ){Acc(¥)o{ Axci( 8, 1))olc, (1, 1) e, (a))o (3.10)

with A given as before. We obtain for the ring (R)
N, Ny

CB=teoNo | de [ ap [ Kt exp(-tila B0/ N -7
0 0 k

x 1 _ R B B R
x,,gl(wp)z[l cos 2p(a — B)] exp(—=2A 1) (3.11)

and for the linear chain (L)

Ca(1) = voN, J‘

0

Ny N,
da J dg J k3 exp(—3k*|a - Bl)
0 k

X i ;, (cos po B — cos ﬁoa)2 exp(—2rtt) (3.12)
p=1 (TTP)ﬁ ? ' .
Finally, the contribution Cy;(1) is given by

Nn Nn 82
do J dr—
0 88~

>

52
Szfa‘yz

Cos(1) =30, J‘

0

No ‘No
J da J dp J ki exp(—3k*(A%/d)
y=0 J0 0 k

X <A_\'CA\'(U)>O<A_\'C,\‘(Ts t)>0<c\‘(5’ t)"x(')‘))()- (313)
We find Cy+(t) = Cy-(1) and therefore
Colt) = Coo(1) + Co (1) +2Cpy(1) (3.14)
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for both rings (R) and linear chains (L). Now we consider the contributions Z}‘:, Ca.
We find

'N,O NO NO f\'“
C\o(1) = voAg J dr J do J da J dg J k% exp(—3k*(A%)o/d)
0 0 0 k

0

-

e
6)/2

t 2
XJ dS/%GO(ﬂB“"S’) (ey(m 1) e, (0))olAxex (¥))o (3.15)
0 a

ye
where now A=¢(f,s’)—c(a, s'). We obtain, performing the r and o integrations, for
the ring (R)

NO N(J
Cﬁ(r)=2vvoNa’rJ daj dp L ki exp{—3k’[|a ~ B| - (1/ No)(a = B)’]}

x 3 [1-cos 2u(a = B)] exp(~2A51) (3.16)

and for the linear chain (L)

NO NO
Cra(1) = 2004 N5 't J' da J dg J. k. exp(—1k’la - B])
0 k

0
X Y cos PoB(cos foB —cos poar) exp(—2A5t). (3.17)
p=1
Next we consider the contribution C,,(t),

NO No No No !
Caalt)= J do J dr J da '[ dg J k: exp(—3k*(A%),/d) J ds'Gy(r, B|t—5")
0 0 0 0 k 0

5

yor 387

where A=e¢(B,5)—c(a,s’). We find C,,(1)=C,,(t) for both ring (R) and linear
chain (L). The contribution C.,(¢) is given by

82

X<A_‘,C_\,((T, 0)>O(9—')/2 <Cx(% t)Cx(5)>0 (3'18)

=0

N, N, N,
Cra(t) =1, J do J- da J- dg J‘ k3 exp(—3k*(A%),/d)
0 0 k

0
2

x(c,( B, t)C_v(O'»oa%E

B <Axcx(6)>0 (319)

8

where A=c¢(B, t)—c(a, t). We obtain for the ring (R)

c§a(r)=-%voNoJ “daj Udﬁj K2 exp{~1k[Ja = B] = (1/ No)(a - B)°]}
4] k

[
S 1

X 2
pgl (77'P)h

[1-cos 2p,(B —a)] exp(—2A51) (3.20)

and for the linear chain (L)
NU "VO
da J dg J k3 exp(—ik’le — B|)
0 k

x 1 R R R
pzl(wp)g(COSPOB"COSPOQ)COSPoﬂ exp(=2A;1). (3.21)

C;-a(t) = —ZDONO J‘

Q

X
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For C5,(t) we find

NO NO N() 82
Ci ()= DOJ er da J dg J‘ k% exp(—3k*(ANo/d) —
0 0 0 k 367 5=,
x (e, (7, e, (BNolAxci (8, 1)) (3.22)
where A=¢(f3,0)—¢(0,0). We have for both ring (R) and linear chains (L)
C}a(t)=C2a(t) (323)

and therefore 7., Ciu(1) =2C,,(1)+2Co,(1).
Now we consider the terms 7., C;y(1).

ND NO i} N’U
C,b(t)=—v0/\0J' dO’J’ dTJ daj dg J kikf,
] 0 o} 0 k

x exp(—2k*(A%)o/ d) Jr ds

2

X <Axcx(‘y)>0<Aycy(U)>O<A.\‘C_\'(Ta t)>0 (324)
with A= ¢(f, s)~c(e, s). This gives for the ring (R)

N, N,
Clp(t) = *2U0/\0J' da J‘ dg J‘ kik; exp{=3k’[|a = B[~ (1/ Ny)(a = B)’] J ds
0 k

0 0

i [cos 2ps(a—B)—1] exp(=2A% » 1) exp(2A, R)

=

x Y (o )2[cos2p0(a B)—1]exp(—2A%s) (3.25)

p'=1

and for the linear chain (L)
Ny N'J t
da J dg J kikZ exp(—ik’a - 8)) J ds
[o] k 0

X Y, cos poB(cos o8 —cos Poa) exp(—2A51) exp(2ALs)
=

Cll-b(t) = —4p5A, J

0

8

1
1 (mp')

X

HMR

5 (cos Py B —cos poa)’ exp(—2A%5 oS). (3.26)

Next we consider C,,(1),

No Nn No
C4h(t)='-v()/\0j' dUJ' d’rJ' da
0 (o] 0

Ng !
X J dp J kik: exp(—ik*(A%y/d) J dsGo(r, Blt—s)
0 k 0

a:
ay3 y=

kN
,38°

B <Axc.\’( 6 )>O<A,\'C\‘(U)>O<Axc,\'( Y t)>0 (327)
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with A as before. We find C,,(t) = C,,(1) for both ring (R) and linear chains (L).
Now we determine C,,(?):

NO NO N(l
Cop(t) = -1y J’ do J da J ds J k2k? exp(—3k*(A%o/d)
0 0 k

0
2
x__
368°
where A=c¢(B, t)—c(e, t). Evaluation of this contribution gives for the ring (R)

CH(1) =4uoN3 J da f "ap J K exp{ =3[l — | = (1/ No)(a = B}

Xi 5 [cos 2po(a —B) —1]
(wp

SR

p’=1(7Tp/)2

and for the linear chain (L)

NO NU
CL(t)=4v,N3 J da J dg J. kik; exp(—zk*ja—B])
0 0 k

(A (8ol A, (o)) o(Ayen (B, 1))o (3.28)

=0

x [cos 2ps(a —B)—1] exp(—2A 1) (3.29)

g 1 A A A
x Y 5 cos Po B(cos py B —cos por)
p=1 (‘ﬂ'P)
S 1 R R
X Y ——=(cos poB —cos poa)’ exp(—2A5t). (3.30)
p'=1 (7TP)

Finally, we consider C;,(t):

NO ND N’D
Cyp(t) = —v, J dr J‘ da J‘ dg J kik: exp(—3k*(A%)o/d)
0 0 0 k

2

x93
38752

where A=¢(B3,0)—c(a,0). We find for both the ring (R) and the linear chain (L)
Cs(t) = Gy, (t). Therefore E}L, Cip(1)=2C,, (1) +2C,,(t). Collecting all terms, we
find to O(vy):

C(1) = Cool 1) + Coy (1) +2(Con(1) + Cya(1) + Cag(1) + Cip (1) + Cop(1)). (3.32)

Observing a cancellation between Cy,(t) and a part of C,,(r)+ C,,(t) and a partial
cancellation between Cy,(7) and 2C,,(t)+2C,,(¢), we secure for the ring (R):

X NO ‘N'ﬂ
Ri)y=2 Y exp(—2A§t)+4voN§')\otj da J dg J k2
0 0 k

p=1

<Axcx ( 8, t)>O<A_vcy( B )>O<A}'C‘\' ( 7 t)>0 (3 -3 1 )

x exp{=1k’[|a = B| = (1/ No)(a = B)°1}

x ) [1—cos2p,( B —a)]lexp(—2A%t)

p=1

N() NU
+UOJ da J’ dg J‘ kik? exp{—1k’[|a — B|—(1/ No)(a — B)*]}
0 0 k

x

X 1
X Z Z m[COSZﬁO(B_a)_I][COS 2ﬁ6(B_a)_1]

p=1p'=1
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4

dsexp(—2A51) exp(—2A%s) exp(2/\§s)>
(3.33)

1 N; R J
- —2A,1)—4A
x(z(wp)zexp( P,

and for the linear chain (L):

xx NO ‘N'O
CHty= Y exp(—2A,§t)+200N5')\0tJ da J dB J' k% exp(—3k’|a — B)
0 k

p=1 4]

X Y (cos po8 —cos poax)’ exp(—2A;1)

p=1

N’O NO
+4voj da J ag J kik:
0 0 k

X

Xy 2 2 (cos poB —cos poa)’

p=1p'=1

2

1
x (cos poB —cos phar)” ( — exp(—2A; 1)

2(m )
- Ao J ds exp(—2A ;1) exp(—2As) exp(2A,L,s)). (3.34)
0
Now we can study the zero-frequency (w =0} limit. We find for the ring (R)
oc N0 N0
j dt CR(I)=ﬁ{0Né+%UO{ONéJ‘ da J‘ dg J k:
0 0 0 k
x exp{—1k’[|a — B| = (1/ No)(a - B)*]}

& 1

<y ——
Pgl (7TP)4

Note the complete disappearance of the double sum in (3.33) for this limit. This is

the reason why, although unexpected on physical grounds, we find the w =0 limit to

agree with the Kirkwood-Riseman formalism. Performing the momentum integration
and summing up, with

[1—cos2ps(B—a)l. (3.35)

x

1
,,; ﬂp)[ —cos 2po( B~ a)] = 3N0

(8- a)(l——|a Bl+ BN“)) (3.36)

we obtain in d =4 — ¢ dimensions

= Rt . (2m) 47 [N N,
tCH1) =23loNo+ 0ol Ng———— de dg
0 0

o 48
X[ =B =(1/No)(a=B)]7>"7"2
X (B —a)’[1=(2/ No)la = Bl+(1/ No)( B — a)’]. (3.37)
Performing the remaining contour integrations, we find, using
! Fa+1I(b+1)
a _ b e S Al S
L dx x“(1-x) Fatb+2) (3.38)

L dtCR(t)=z‘7§ONS[l+ﬁ<§+ln N0>]. (3.39)
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Renormalisation is performed with

N =ZuN, (3.40a)
(=24, (3.40b)
E=¢L? (3.40¢)
Vo= gL~ (3.40d)

where L is a length scale. In lowest order we use Z,=1-(2/¢)[u/(2m)’], Zy =
1+(2/€)u/(2m)°] and we find at the fixed point u*/(27)*=4¢ (free-draining self-
avoiding limit), putting no=1,

R MKT 1 ¢ d’/Z(ZTI'N)VZ
[m] A Y (277)2L 3 exp(0¢) (3.41)

where v is the Flory exponent v =3+¢e and z is the dynamical critical exponent

z=2+1/v. (To lowest order the exponent v is the same for a ring and a linear chain
[18])

For the linear chain (L) we obtain

o N0 N0
J dtCL(t)=ﬁ{oN§+§§ovoN8(27r)_W2J‘ daJ- dBla —pB| 2
0 0

0

o A - A 2
3 (cos poB cimpoa) (3.42)
p=1 (7TP)
Using
i (cos o — cos poar)’?
p=1 (WP)4
1 2 232 1 2
- -B3)*+ -B)[3(a+B)~|a~ 3.4
SNg(a B) 12N3(a B)[3(a+B)~|a~pBl] (3.43)
and performing the remaining contour integrations, we obtain
x §0N§[ Uo < 2 13)]
dtCH(1)= 1- -{ —— N +—]]. 344
L (1) 12 @@\ ¢ % 12 (3.44)
Renormalisation and exponentiation of the result at the fixed point u*/(27) = i gives
MKT 1 ¢ L(27N\"
k =— L"’”( N) ~3). 3.45
[n] N. 12 3y I exp(—ss¢) (3.45)

This result has been derived in [11] employing the Kirkwood-Riseman formalism. We
should note that due to a computational mistake we concluded in [9] that the Green-
Kubo and kRr formalisms give different results to lowest order.

Let us now consider C(t) for t finite. In order to obtain a result which is valid in
the large-7 limit we cannot (after performing the renormalisation and inserting the
fixed-point values) naively exponentiate the results to O(e). Rather we have to use
the idea of singular perturbation theory [19] and exploit the asymptotic behaviour of
the relaxation times as dictated by the renormalisation group equation [3]. This
procedure (see [8] for a discussion) amounts to introducing an effective eigenvalue
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for the relaxation spectrum by exponentiating single sum terms which have prefactors
linear in the time t. To O(e) we find the relaxation spectrum for a ring (R):

A?p=2)«§eXp[és((ﬂ;)4[¥AR(4p)—15AR(2p)]
- 3773[3’*(412)—23‘*(21»)]— 1 2[C"(zp)—c“(ap)]ﬂ (3.46)
(7p) (mp)

where A}, is the reciprocal of the relaxation time of the doubly excited p mode. Aj,/2A5
describes the interference effect of two p modes in the presence of self-avoiding
interactions. A} is the eigenvalue which appears in the calculation of, for example,
the correlation function {(c(7, t) « ¢(7, 1)) to O(v,). We find

2 £/8
A§=%(%D> (%)) exp[és ( 3y —ci(2wp)—%+% (7,-;)3 AR(2p)):|. (3.47)
In (3.46) and (3.47) we have introduced the functions
AR(p)=—mplsi(mp) +im]+2[ci(|mp[) — ¥ —In(|mp))] (3.48a)
C®(p)= mplsi(mp) +im] (3.48b)
B¥(p) = plci(|mp|) - In(|mp])] (3.48¢)

where 7 is Euler’s constant, ci(x) = — dt cos t/t and si(x) = [+ dt sin 1/1. Note that
2+¢/8

Ap,=p asymptotically as required by the renormalisation group [3,6]. For the
linear chain (L) we have
n--u1 1 =
A, =2A% [l <8 +- S0B~(2p)—35B~(p)-27B"(3
e p €XP| 5 () 4(”)3[ (2p) (p) (3p)
+4BL(4p)—l2pAL(2p)+l2pAL(p)]>:] (3.49)
where
1{mp 2<Lp>”8 [e(, _ 2
/\L=_.. - it o = _ _3__- —(—1)P
» g(N) 5N/ P\ 7 ci(mp) —3 (Wp)z(l (=1)")
3si 2si(2 1
L 3silp) _ 2si( wp)+_>] (3.50)
7p p 2p
and we have introduced the functions
AY(p)=(=1)""" =ci(|mp|) + In(|mp|) - mp(si(mp) +37) (3.51a)
B"(p) = p(ci(|mpl) —In(|mp])). (3.51b)

Inserting A, also in the double sums in (3.33), we obtain (at the fixed point u*/(27)* =
s¢) after performing a Fourier transform, the real and imaginary part of the complex
intrinsic viscosity [7(@)]=(N,/MkT)C (&) valid for both the ring (R) and the linear
chain (L):

ReC_‘(a’))zai !

5 . -5 _€X (l E
e /\pn(1+w_//\;p) p 45 (p))

+_q ) < w;’i: B '1{,;;’ B )— l =2
7= \P P (P =p) ) A (1467 A5,
x (2)
€ op’ 1

+—3 IR B Ay T 2,72
T pep=1 0 (P =p") App(1+&°/A},)

(3.52a)



= lApp<1+aﬁ/ )e"p(“EE(””

( pp + ;:i)' )_ @/Ap ;
77' p¢p \p?p”? Q(P,z_pb) )‘n‘p'(1+"32/’\;"1)’)
+i Z 12 pp 2 a_)/,_\pp

7’ p=p'=1D (P -p") '\pp(1+w /)‘pp)

In (3.52a) and (3.52b) a =2 for the ring (R) and a=1 for the linear_ chain (L) and
we have introduced new universal quantities A,, =2A,,/A,, (p=1), C(@)=C(d)A,
(p=1), @ =w/A,, (p=1). Besides we have defined

E®(p)=1Q5," (3.53)
where QR‘2 is the p = p’ contribution of the double sum in (3.33),

(3.52b)

Qp’ = ( )4(’5A (4p)—15AR(2p))—( )3( “(ap) - B*(2p))

(ﬂ;)z (CR(2p) - CR(4p)). (3.54)
{2)

The double sum contribution (p#p')Q:fp'
chain (L) we have

EX(p)=30Q," (3.55)

is given in the appendix. For the linear

where
L(2) _ 4(1_( l)p)
3 (ap)* 24 (7
+4B(4p) - 12pA~(2p)+12pA-(p)) (3.56)

and the double sum contribution ( p # p') Q5" is given in the appendix. This concludes
our discussion of self-avoiding interactions.

)3(503 (2p)—35B“(p)—27B-(3p)

4. Hydrodynamic interactions

Using the effective Lagrangian J'? we obtain to O(gg) the following contributions to
C(1):
C(t)=Co()+2C,(1)+ Ca(1) (4.1)

where

Co(t)=J" “drj “da<c (7,0 T e, ey, 0) i e(o, 0)> (42)

Ci(1) = J j do J daJ ”dﬂjdt’Jdt“
: )

xy <CA(a Nuy(e(a, 1), 1) a(e(B, 1) t”)a';“

2 o)

x ¢ (B, (") e,(7, ’);T (7 06,02 g = elo, 0>> (4.3)

0
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Ng Ng Ny No

Cy(1) =1g2 J dr J do J da J dg J dr’ j aryy <5A(a, ut(e(a, 1), 1)

0 0 0 0 X n
&’ &

X G, (B, 1M uy(e(B, 1), t")e (7, 1) Y (7, t)e, (o, 0) Py ex(o, 0)>0-

(4.4)

Introducing a generating functional as in the case of self-avoiding interactions, we can
express all averages in (4.2)-(4.4) again as products of free correlation functions. Then
one can show [8] that C,(¢) can be written as a sum

Cl(t)=Cll(t)+CIZ(t)+C13(t)+CI4(t) (4~5)

and that 2C, (1) will cancel the contribution C,(t). We then find (putting g5=n5"'=1
as both couplings are not renormalised to O(¢)) using the Markov approximation as
mentioned in § 2:

C(t)=Co(1)+2C (1) +2C (1) +2C\5(2) (4.6)

where Cy(t) is the free contribution already given in (3.5) and (3.6). The other
contributions are given by

No No 1
da f dp J = (1-K/K)
0 « k '

x exp{—3k’[|a = B| = (1/ No)(a — B)°]}

Cﬁ(t)=—8N63tJ'

0

X i (mp)* cos 2po(a — B) exp(—2A51) (4.7)

p=1

for the ring (R) and

Ch<z>=—2NaS:J °daj °dﬁj 3 (1= K3/K) expl 47 - )
0 k

)
X ¥ (mp)® cos Poax cos foBB exp(—2A51) (4.8)
p=1

for the linear chain (L),
N’O NO
da f dBJ Lea-k/e)
0 v k ’
x exp{—1k’[|a — B| = (1/ Ny)(a - B)*]}

sz(l)=4N52J'

0

x

x ¥ ¥ cos 2n(a—B)~1][1 ~cos 2fi(a - )]

p=1p=1

X J ds exp(=2A}s) exp[—2A5(1—s)] (4.9)

OZO

Ch(1) =4N52J

0

N 1, ,
da J dBJ Pk;(l—kf-/kz) exp(—3k’la - B)
0 k

s

p=1p=1

cos poB(cos foa — cos poB) cos poe(cos poa —cos o)

I

xj ds exp(—2A;s) exp[-2A5(t—5)] (4.10)

0
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and finally

N, N, 2,2 ,
Cfs(t)=~4N52J daJ dBJ. LEL xp{=3k"[Ja = B| = (1/ No)(a = B)*]}

0

X ‘z [cos 2po(a —B)—1][1—cos 255(a — B)]

1

P18

i

p=1p’

x | dsexp(—2A5s)exp[—2A5(1—s)] (4.11)

o 2

. , N0 Ny k2k2 ,
Cr(t)=-4N, da dg + exp(—zk la_BD
0 k

X

M8 5

18

cos poB(cos poa —cospoB) cos poa(cos poa —cos pof)
1

p=1p

X J' ds exp(—2A5s) exp[—2A (1 —s)]. (4.12)
0
Collecting terms, we find for the ring (R) in the presence of hydrodynamic interactions
Ng No 1
da j dg J- P(l—kf,/kz)
0 k
x exp{—zk’[|a = B - (1/ No)(a = B)*]}

x 3 (mp)? cos 2pu(a — B) exp(~2A%1)

N, N, 2
+8N52J da J' dg J k—’z‘(l—zkf,/kz)
0 4]
x exp{—}la — B~ (1/ No)(a — BT}
x ¥ ¥ [cos 2ho(a —B) - 111 —cos 254(a - B)]

p=1p'=1

CR(ty=2% exp(—2)\§t)—16tN53J-
p=1

0

XJ’,dS exp(—2A5s) exp[—2A5 (1 —5)] (4.13)

and for the linear chain (L)

b

CH1)= Y exp(~2Ak1) —4IN;? J °daj OdBJ %(hki//&) exp(—tk?a — )
0 0 k

p=1

X Y (mp)* cos poa cos poB exp(—2/\,';t)

TMK

N, N, k2
+8N52J' da J dg J' k—;(1 —2k;/k*) exp(—3k*|a — B])
0 O k

X

||M8

Z cos poB(cos poa —cos PoB) cos poa(cos Pha —cos poB)

X J ds exp(—2A;s) exp[—2A5(t—5)]. (4.14)

Now we consider the zero-frequency (w = 0) limit. We know from our previous study
[8] that for the case of hydrodynamic interactions Green-Kubo formalism and Kirk-
wood-Riseman formalism give identical results to lowest order (O(¢)). Following the
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same steps which have been performed in the case of self-avoiding interactions in § 3,
we obtain for the ring (R):

J dt CR(1) =3aLoNol1 = Lo(27) (27 No)(3/ 26 +§) + {o(2) 7 3] (4.15)

0

Performing renormalisation with
N=2ZuN, (4.16a)
{=2Zy (4.16b)
&= §LE/2. (4.16¢)

Where Z,, =1 and Z§=1—3§/87725 to lowest order, we obtain at the fixed point
&* =%7%¢ (non-draining Gaussian limit):

[7I”"MKT/ Ni=5%e(27N)? exp(Ge) (4.17)

where d =4—¢ and v =1. For the linear chain (L) we obtain
MkT
[n]LT=r186(27TN)"” exp(3e) (4.18)
A

in agreement with [11].
Introducing as before effective eigenvalues for the relaxation times, we find at the
fixed point ¢*=%7’¢:

Ap=2A% exp [e (18(;’)2 (AR(4p) —4AR(2p))>] (4.19)
with
3 1 2 2-6/2
5=E§ (2,,)24/2(TZB> exp{e[3ci(2mp) 19 +5)]} (4.20)

for the ring (R), and

1
App=2A5 exp{e [—(—4—6AL(p)+2AL(2p)

9(mp)?
+$(llBL(p)—IOBL(Zp)+3BL(3p)))]} (4.21)
with
/\L_i ;(ﬂ__p>2—s/2
P 2e (27)2 2\ N
xexp[s(%ci(n-p)—%3?+%———1—(si(7rp)+%7r))j| (4.22)
27p

for the linear chain (L). Then we can write the real and imaginary part of the complex
intrinsic viscosity (@)= (N,/MkT)C(®) in the general form:

= < 1 £ x Q‘”A
ReC(w)=a —_—t— —<PP
Pgl )‘pp(l+w2/'\ip) 9n? P7‘§=| Pz_!’/2

1 1
><()_\pp(1+¢52//—\f,p)_Xp,p,(l-f-a-,Z/)“g'p,)) (4.23a)
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] = a/k e & _Qy
(@) ,,;Ap,,(wa;z/)\ﬁp) 97?5 pP-p”
— T - X .
x(_ O @Ay ) (4.23b)
A1+ 32 /A%,) A1+ @°/A2,)

where a =2 for the ring (R) and a =1 for the linear chain (L) and Q"' and Q"

(p # p') are given in the appendix. This concludes our discussion of the hydrodynamic
interactions.

5. Self-avoiding and hydrodynamic interactions

To lowest order (O(e)) there are no cross terms between self-avoiding and hydro-
dynamic interactions and therefore we can just add the results (3.33) and (4.13) for
the ring (R) and (3.34) and (4.14) for the linear chain (L) (counting the free term only
once). Considering the w =0 limit, we find for the ring (R)

= Riyody n2lq__ Yo |2 (27N,
L arc (')_2“§°N°{1 (27)2[ : 1“( L )]

Sz ()2}
————+3lnl—— ] —= . 5.1
Qmyl2e *\L )78 (5.1)
Performing the renormalisation as before with
2 3 2
Zo=1-> oo Zy=142C

e 27) 87l e (27)°

to lowest order, we secure at the fixed point u*/(27)> =1¢, £¢*/(2m)* =1e (non-draining
self-avoiding limit) for the ring (R)

MKT 1 [2aN\?¥
R _— d/2 9
[n] N. 488< 3 ) L% exp (1g€) (5.2)
with d =4 —¢ and v =3+7se. For the linear chain (L), we secure [11]
MkT 2N\
1 2= e (228 1% expigge) (53)
N, L

For finite frequency o we can write_the real and imaginary parts of the complex
intrinsic viscosity (@)= (N,/MkT)C(®) in the general form

1

ReC(a)=a ¥ —————=—exp(icE(p)
pgl '\pp(1+‘”z/)‘;27p) pleE(p))
£ i ( ;’2"{ (2 (1) 1
+— ’ ’ + p’: + ’ £ )' kY
7 - \P(p?=p%) pp? pP-pP) R, (1+@%/R2,)
€ i ( (2 o)y 1
+— - jd4 + pp )_ — 5.4a
7 o= \p (PP =p?) P -p?) R, (1+@%/R2,) (3.4a)
X o 1
ImC(d)=a )y — —————exp(3¢E(p))
,,; X,, (1+@2/A2,) NPAaeEtp
sl e o o
T par=1 App Ay (1+ &7/ X0, \p?(p? = p*)  p*p? (p*-p?)

7T2 - I—\pp pr(l +a—)2/xip) prZ(p2_p/2) (pz_p!z) . . )
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As before, a =2 for the ring (R) and a =1 for the linear chain (L). We have here
introduced the function Q);'=Q}y’, where both Q) and Q' have been defined
already. We have defined (asin §3) A,, =2A,,/A,, (p=1)and @ =w/A,, (p=1). In
the presence of both types of interactions we find for the relaxation spectrum for a

ring (R):
A, =2A% exp{e[3Qn’ +3:Q5, "/ (mp)*1} (5.5)

with

/\R_ 1 <2Lp>2—5/4<i>—5/4
P27\ N 2

.~ 301
X exp [%s (%+ci(27rp)—y+— 2,AR(Zp))]. (5.6)
4 (mp)
For the linear chain (L) we have
A, =2A5 exp{e[iQ; —3Q5"/(mp)’1} (5.7)

with

/\L_ 1 <7T_P>2_E/4<L>_E/4
P 2m%e\N 27

X exp [%s <%+ci(wp)—9—(w;)z (1 —(—1)")—-5—1(2#1%’))—%)]. (5.8)

Qp’', Q" have been given in (3.54) and (3.56), while Qh", Q5" are given in the
appendix. In order to give an example for the universal quantities presented here, we
have plotted X;;,,(p) (figure 1) and the real and imaginary parts of the normalised

intrinsic viscosity (figure 2) for a linear chain (L).

2000,

1500

. |
T< 1000F

Figure 1. The normalised effective eigenvalue 7\‘,;,, for alinear chain (L) plotted as a function
of p.
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Figure 2. (a) The storage part (real part) of the normalised complex intrinsic viscosity
7r(@) (see equation (5.4a)) expressed in universal quantities for a linear chain (L) in
d =3 (e=1) dimensions. (b) The loss part (imaginary part) of the normalised complex
intrinsic viscosity 75(@)/& (see equation (5.4b)) expressed in universal quantities for a
linear chain (L) in d =3 (e =1) dimensions.

6. Conclusions

We have presented the calculation of the intrinsic viscosity for simple ring polymers
and linear chains in the presence of both self-avoiding and hydrodynamic interactions,
starting from the Green-Kubo formula. The calculation was performed to lowest order
in the couplings and we have derived the universal functional form of the intrinsic
viscosity to O(e).

From our results given in §§ 3-5, we can derive universal amplitude ratios [7]%/[ 71"
in the zero-frequency limit. In the absence of self-avoiding and hydrodynamic interac-
tions we obtain, from equations (3.5) and (3.6) after performing the time integration,
the ratio

[n15/[nls=3 (6.1)
In the presence of self-avoiding interactions only, we find

[n1%/[n]"=12exp(53e) =0.573(d =3). (6.2)
In the presence of hydrodynamic interactions only, we find

[71%/[n)" =2 exp(—5se) = 0.486(d = 3). (6.3)
In the presence of both self-avoiding and hydrodynamic interactions, we find

[1%/[n]"=1exp(3te) = 0.561(d = 3). (6.4)

We should note that although the functional form of the intrinsic viscosity (as of any
other physical quantity) can be determined from the RG equation, the exponentiation
of the O(e) terms chosen here is only one possible choice. There is an inevitable
ambiguity in postulating the correct interpolation formula from a perturbative calcula-
tion (e.g. the & expansion).

Using methods other than RG one can write the zero-frequency limit of the intrinsic
viscosity according to [20] as a product of the mean-square radius of gyration S° times
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a sum over eigenvalues A. In these theories both S” and the eigenvalues A depend on
a parameter which describes the influence of self-avoiding interactions. Then it is
certainly unexpected to find such a simple universal ratio as is obtained in equation
(6.2). The fact that we find [7]%/[n]" in the presence of self-avoiding interactions to
be a universal number, independent of the (renormalised) chain length N, stems from
the finding reported in [18] that, to lowest order in ¢, linear chains and simple rings
have the same critical exponents (i.e. the dependence on N is the same). Of course,
it is not clear if this is also valid to higher orders in a RG calculation.

Besides its simplicity, we find our results, e.g. (6.2), also to agree with the ratio for
the mean-square radius of gyration S° [21]

(SHR/(S*)-=1exp(sze). (6.5)

Whereas results from other than rRG calculations [20] predict [n]%/[n]"=0.662 in the
absence of self-avoiding interactions, it seems that in [20] and [22] there are opposing
conclusions about the influence of self-avoiding interactions on the ratio [7]%/[n]"
Physically, in agreement with equation (6.5), we expect that ring polymers exhibit
properties having a greater sensitivity with respect to self-avoiding interactions than
have linear chains. Comparing (6.4) to (6.3) we conclude that, at least to O(e), the
presence of self-avoiding interactions increases the ratio of [7]%/[n]" In order to
compare with experimental results, we should point out again that our ratios to O{e)
are independent of the chain length N and that the rRG predictions are only valid in
the asymptotic (N - o) regime. Results reported in [22] give for the ratio []%/[n1"
measured for cyclic and linear pbM (CH,S,0) x values between 0.58 and 0.67 depending
on the type of solvent. The ratio [7]%/[n]"=0.58 determined for cyclohexane (a good
solvent) compares quite well with our result, equation (6.4). The ratio [5]%/[n]"=0.67
in a 2-butanone (a #-solvent), however, is much larger than our result (equation (6.3)).
At present we do not see the possibility of making a more rigorous comparison with
experiment. Judging from the experimentally investigated N dependence it seems that
our asymptotic ( N - o) results are not applicable to most of the experiments performed
so far. From the theoretical point of view there are two ways to improve the present
situation.

One way is to perform our calculation in a restricted geometry where N can be
finite. This is of considerable difficulty but certainly would allow a better comparison
with available experimental data and possible numerical simulations. The second and
easier achievable way is to perform a static calculation to see if, to O(¢?), the critical
exponents for linear chains and simple rings are still the same, or if there is a different
dependence on N. In the latter case a fixed result like (6.2) would not be valid to
O(e?). Instead we would then find a N-dependent ratio [7]%/[n]" in the presence of
self-avoiding interactions.

Finally, we would like to comment on the finite-frequency behaviour of the intrinsic
viscosity. As the effective eigenmodes A,, ~p™ asymptotically, we find that in the
large-w limit the sums over p which appear in real and imaginary parts of C(&) can
be approximated by integrals

1 1 a—)l/:v
d - _ . . = -1/zv—1 6.6
,[ P, 1+ayas, (@)= ¢ (6.6)

and therefore [n]{(w)~ &'/**"'. This gives for both ring and linear chain the predictions

[7](@)~w > in the presence of self-avoiding interactions only [7](w)~ w0 **"* in

the presence of hydrodynamic interactions only and [7}(w) ~ @~ %*** in the presence
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of both interactions (d = 3). In order to have a quantitative comparison with experi-
mental data (for o finite) one needs to have simultaneous measurements of [n](w)
and either A,, (p=1) or A, (p=1) (since we have a relation between A,, and A,).
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Appendix

In this appendix we give the double sum contributions to the complex intrinsic viscosity
for the ring (R) and the linear chain (L) in the presence of self-avoiding interactions
(2) and hydrodynamic interactions (1):

Q7 =3:{(1/ 7*)[30A%(2p +2p) +30A%(2p ~2p") —60AR(2p") — 60A%(2p)]
+2(p+p ) CR2p+2p)+2(p-p)’C2p-2p") - 4p*C"(2p)
—4pCR(2p") +24pBR(2p) +24p'BR(2p")
—12(p+p")B*(2p+2p")—12(p-p)B*(2p~2p")} (A1)

= =(1/27){(= 1) + (=) = (=1)P"7 =1}
=3[Gs(p, p)+ Gs(p, —p)+ Galp, p') + Gu(p', p)
—p*A(p) —p?AN(p ) +¥p+p' VAN p+p)+3(p-p) A (p-p'))

(A2)

where
Gi(p,p')=~3(p+p)B"(p+p)—3:(p+p)B-(2p+2p’)

1(p+p)? | 1(p+p)’

________B + ' __________BL '

2 (p+p") 5 (p+p)

1(2p+p’)2 L 1(p-+-2p')2

4= 2R BlOop+py+- LI gL Loy

2 prp (2p+p’) p— B(p+2p") (A3)
and
Gulp. p')=3pB(p)— 2B (2p) + L 2 Bt(py 41 £ pi(p)

4p-p 4p+p

P2 L 1 2L 1 Plz

—“— BY(p)+=— (p+2p)?B (p+2p)+= B (2p’

ap (p) 4p(p P B (p+2p")+3 ——— B (2p")

+L 2p—p 1B 2p-p)+ 2 B -2 2 priap) (Ad)

4p 4p 2p+p i
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The remaining double-sum contributions which appear in (4.23a) and (4.23b) are
given by

RV = AR(2p—2p")+ AR(2p+2p") —2AR(2p) —2AR(2p") (A3)
HN=G,(p,p')+G:p, p)+ Gi(p,—p)+ GaAp',p)
+2+2A% p)+2A%(p) - A" (p+p)— A (p-p") (A6)
with
1 ’ ’
Gi(p,p) =m{23L(p +p')-B“(2p+p")

- B“(p+2p)—B"(p)-B"(p")+B"(2p)+ B-(2p')} (A7)

and

1 I
Gy(p,p") =2 {2B“(2p)—4B“(p)+2B“(p+p)+2B“(p-p’)

-B“(2p+p)-B“2p-p")}. (A8)

Finally, the single sums defined in equations (5.5) and (5.7) are given by
' =A%(4p)—4A%(2p) (A9)
' =1+3A%(p)~3A%(2p) ~(1/8p)[11B"(p) —10B"(2p) + 3B"(3p)]. (A10)
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